Review of the simplicial de Rham complex
In this section we recall the relation between the simplicial manifold NG and the classifying space BG. We also recall the notion of the equivariant version of the simplicial de Rham complex.
The double complex on simplicial manifold
For any Lie group G, we have simplicial manifolds NG, NḠ and simplicial G-bundle γ : NḠ → NG as follows:
face operators ε i : NG(q) → NG(q − 1)
(The standard definition also involves degeneracy maps but we do not need them here.)
For any simplicial manifold {X * }, we can associate a topological space X * called the fat realization defined as follows.
Here ∆ n is the standard n-simplex and ε i is a face map of it. It is well-known that γ : NḠ → NG is the universal bundle EG → BG (see [4] [6] [7] , for instance) . Now we introduce a double complex associated to a simplicial manifold. = Ω q (X p ) with derivatives as follows:
For NG and NḠ the following holds.
). There exist ring isomorphisms
Here Ω * (NG) and Ω * (NḠ) means the total complexes.
Equivariant version
When a Lie group H acts on a manifold M, there is the complex of equivariant differential forms Ω *
Here H is the Lie algebra of H and S(H * ) is the algebra of polynomial functions on H. This is called the Cartan Model. When M is a Lie group G, we can define the double complex Ω * H (NG( * )) in the same way as in Definition 2.1. This double complex is originally introduced by Weinstein in [8] .
The triple complex on bisimplicial manifold
In this section we construct a triple complex on a bisimplicial manifold.
A bisimplicial manifold is a sequence of manifolds with horizontal and vertical face and degeneracy maps which commute with each other. A bisimplicial map is a sequence of maps commuting with horizontal and vertical face and degeneracy maps. Let H be a subgroup of G. We define a bisimplicial manifold NG( * ) ⋊ NH( * ) as follows;
are the same as the face operators of NG(p). Vertical face operators ε
We define the bisimplicial map γ ⋊ : h)·(g, h) ), one can see that γ ⋊ is a principal (G⋊H)-bundle.
NḠ( * ) × NH( * ) is EG × EH so its homotopy groups are trivial in any dimension and NG( * )⋊NH( * ) is homeomorphic to (EG×EH)/(G⋊H). We can also check that
is an absolute neighborhood retract (see for example [4] 
P.73). Hence NG( * ) ⋊ NH( * ) is a model of B(G ⋊ H).
Definition 3.1. For the bisimplicial manifold NG( * ) ⋊ NH( * ), we have a triple complex as follows:
Derivatives are:
Let C * (X) denote the set of singular cochains of a topological space X. We can also define the triple complex C p,q,r (NG( * ) ⋊ NH( * )) in the same way. Applying the de Rham theorem and the lemma below twice, we can see that the total complex Ω * (NG ⋊ NH) of the triple complex in the Definition 3.1 is quasi-isomorphic to the total complex of C p,q,r (NG( * ) ⋊ NH( * )). 
is a homomorphism of double complexes and suppose f p,q :
Remark 3.1. Let C * (X) denote the set of singular chains of a topological space X. We can also define the triple complex C p,q,r (NG( * ) ⋊ NH( * )) := C r (NG(p) ⋊ NH(q)) of the singular chains in the same way.
Main theorem
is defined as ρ(t, σ r ) := σ r (t) induces an isomorphism H * ( r ∆ r × S r (X)/ ∼ ) ∼ = H * (X) (see for instance [4] P.82). Hence for any fixed p, q, the following map ρ p,q which is same as ρ induces an isomorphism in homology.
By applying the lemma below, we see for any fixed p, ρ p, Hence again applying this lemma we can see ρ * , * :
induces an isomorphism in cohomology. This completes the proof of Theorem 4.1.
